Abstract. We investigate the entanglement dynamics of a two-qubit Heisenberg XXZ chain with Dzyaloshinskii-Moriya (DM) interactions, interacting with an anisotropic spin bath in thermal equilibrium at temperature T , driven by an external magnetic field B along the z-axis. We establish that, for an initially entangled qubit pair, the DM interactions generate entanglement and enhance it in the revival region. At high temperatures and for weak coupling between the two qubits, the DM interactions preserve entanglement. These effects are weakened when the magnetic field B and the Heisenberg coupling are switched on. If the two-qubits are prepared in an initially separable state, the DM interaction instead has a negative effect on their entanglement. As a whole, entanglement can better be preserved in the spin chain even at high temperatures by increasng the external magnetic field B and the Heisenberg couplings, and by tuning the strength of the DM interaction.
Introduction
Entanglement, the quantum non-local connection [1] has been studied intensely in recent years due to its potential applications in quantum communication and information processing tasks [2, 3, 4, 5, 6] . It has been shown also to plays a fundamental role in the quantum phase transitions, which occur in interacting lattice systems at zero temperature [7] . These Potential applications of entanglement have stimulated research on ways to quantify and control it. Different physical systems have been proposed as reliable candidates for the underlying technology of quantum computing and quantum information processing [8, 9] . A key ingredient for all these applications should be able to manipulate coherently entangled state to provide an efficient computational process. Such coherent manipulation of entangled states has been realized in different systems such as isolated trapped ions [10] and superconducting junctions [11] . The coherent control of a two-electron spin state in a coupled quantum dot has been achieved experimentally [12, 13] , in which the coupling mechanism is the Heisenberg exchange interaction between the electron spins. Heisenberg spin chains are among one of the major quantum systems, which have been proposed for the physical realization of good qubits needed in the implementation of the quantum computer [14, 15, 16] . shown in Ref. [17] , the spin systems suffer from decoherence effects due to the influences of the environmental degrees of freedom on the dynamics of the system and to the unavoidable interactions between the qubits and their environment; these cause also the decay of qubit superposition states (entangled states) into a classical state. The phenomenon known as decoherence, can seriously hinder the various quantum information processing tasks.
In the dynamics of a quantum spin system, the DM interaction [18, 19, 20, 21, 22] has been presented as one of the major spin interactions that induced decoherence. This spin interactions arises from the consideration of spin orbit coupling effects in Anderson's super-exchange interaction theory. It is an anisotropic anti-symmetric spins interaction and plays an important role in the entanglement dynamics of spin qubits. More recently its influence on the entanglement of two qubits in various magnetic spin models [23] and on three Qubits entanglement [24, 25] have been studied. The XXZ model encompasses the XX model, XY model, the isotropic Ising model and the XXX model which are all relevant for QIP.
Understanding, quantifying and exploring entanglement dynamics may provide an answer for many questions regarding the decoherence behaviour of quantum spin systems. In the Heinsenberg spin chain, the interaction with the spin bath system often leads to strong non-Markovian behavior. That is, to study the dynamics of such system, the usual Markovian quantum master equations, which are widely used in the area of atomic physics and quantum optics, may fail for many spin bath models. Therefore, it becomes more and more important to develop methods that are capable of going beyond the Markovian approximation. Recently, the exact dynamics of a two qubit chain in an XY environment have been studied using a simple mathematical technique based on a unitary linear transformation [26] from where the authors have shown that the behavior of the system was extremely non Markovian. In Ref. [27] the study made on the dynamics of a single spin in a spin star environment, using exact methods and various approximation techniques, reveal that the Markovian approximations perform poorly. In this paper, we study analytically and numerically the exact entanglement dynamics of a two qubit Heisenberg XXZ spin chain with DM interactions interacting with a spin bath in the presence of an external magnetic field using a simple mathematical technique based on a unitary linear transformation [28, 29] . We examine the effects of the external magnetic field strength, temperature, intra-bath coupling strength, system bath coupling and anisotropy of the two qubit spin chain, on the entanglement dynamics, considering the interactions of the qubit systems with the environment. We calculate the concurrence of a qubit pair, for an initially disentangled state and for an initially maximally entangled state.
The organization of the paper is as follows: in section 2 we present a brief description of the theoretical approach used and the model for simulating the two qubit XXZ spin chain with DM interactions interacting with a spin bath. In section 3, to study the entanglement dynamics of the model system presented in section 2, we evaluated the concurrence that quantifies the degree of the pair-wise entanglement between the two central qubits and then conclude with discussion of our findings in Section 4.
Theoretical Approach and the Model Hamiltonian
The model used here describes two coupled spin qubit interacting with a spin bath in the presence of an external magnetic field oriented in the z-direction via XXZ Heisenberg interactions alongside DM interactions, which are considered with both spin chain and spin bath. The environment is modeled here as a one dimensional Heisenberg XY chain with nearest neighbor spin couplings [23] . The total Hamiltonian of the system described above together with the DM interactions can be written in the form
with
Here µ 0 represents the strength of the coupling of the two spin qubits to the external magnetic field, Ω is the coupling strength between the two spin qubits while Γ z represents the coupling strength in the z-direction of the XXZ chain. S ± 0i (i = 1, 2), represent the spin creation and annihilation operators for the two qubit spin chains while S ± i (i = a, b) represent the spin creation and annihilation operators for the bath spins. γ, represents the strength of coupling of the bath spins with the external magnetic field, g 0 and g are respectively the spin system-bath coupling strength and the intra-bath coupling strength. D z and d z represent the z-component of the DM coupling vector between the bath spins and between the two spin qubits. Finally N represents the number of spins in the bath. All the coupling strengths are rescaled so that the free energy of the system remains finite when N −→ ∞.
The form of the above Hamiltonian chosen in this work is due to its relevance for various QIP tasks and it models the environment as closely as possible so that the effects of the environment on the dynamics of the central spin can fully be taken into account. A similar Hamiltonian has been examined recently in [22] . By introducing the collective angular momentum operators
we rewrite the Hamiltonians (3) and (4) as
The low temperature excitation spectrum of the system can be obtained by introducing the following HolsteinPrimakoff transformation
Where ϑ denotes the length of the collective environment pseudo-spin (6) and (7) become
Equations (2), (10) and (11) are the Hamiltonian of a two coupled spin qubits system interacting with a single-mode thermal bosonic bath with DM interactions both in the bath and in the two qubit chains. We note here that due to the high symmetry of the model, the coupling to the environment is actually represented by a coupling to a single collective environment spin. The effect of this single-mode environment on the dynamics of the two coupled qubits is extremely non-Markovian hence the traditional master equations used in describing the Markovian dynamics of open quantum systems, cannot be used in this case. We assume that the initial state of the system-bath is a separable state so its initial density matrix can be written in the form
The density matrix of the spin bath ρ B satisfies the Boltzmann distribution, i.e;
where
T ) is the partition function. Here T r denotes the trace with T = K B τ where τ is the temperature and K B the Boltzmann constant (subsequently we simply refer to T as the temperature). The partition function Z is given by;
At absolute zero temperature, no excitation will exist. The bath is in a thoroughly polarized state with all spins down. The most general form of an initial pure state of the twoqubit system can be written as:
with the normalization condition yielding
For analytic simplicity, we set ε = δ = 0. So the initial state can be written as
and the initial density matrix of the system plus bath takes the form:
T ) (18) We note that the time dependent density matrix of the system coupled to the bath obeys to the folowing relation
where U (t) = e iHt , is the unitary time evolution operator. The qubit system alone does not evolve in a unitary manner. The dynamics of the qubit system alone is obtain by tracing over the bath modes in order to obtain the reduced density matrix of the qubit system ρ s (t)
where T r B denotes the partial trace of the density matrix taken over the bath modes. We obtain the reduced density matrix of the form:
In order to obtain the full form of the reduced density matrix, we need to evaluate the time evolution of the initial qubit state: e −iHt |00 , and e −iHt |11 . We observe that by applying the time dependent Schrodinger equation,
From the total Hamiltonian H, we can see that it consists of operators of the form
which change the state of the i t h spin from |0 to |1 and from |1 , to |0 respectively. Thus, the qubit will evolve from the initial pure state into the most general mixed state as follows
where Θ, Υ, ̺, ♭, ℑ, ♣, §, £ are functions of b + , b and t . Thus:
To obtain the exact form of the reduced density matrix ρ s (t) we need to evaluate the form of the expressions Θ, Υ, ̺, ♭, ℑ, ♣, §, £. From equation (22) it follows that:
and
With the initial conditions from being Θ0) = Υ (0) = ♭(0) = 0 and ♭(0) = 1 , and with the following set of transformations
the following first order four differential equations are de-
where U = γ − 2iD z + Γ z and b + b =n. The solution of the coupled differential equations (27) is obtained analytically through the initial conditions (29) to (32) for the case d z = 0 with the resonant condition µ 0 = 2g ; the external magnetic field can easily be tuned to satisfy this condition. However the numerical results are present for the case where d z = 0. Thus, the following analytical solutions are obtained
.
From equation (28) , with the initial conditions from being ℑ(0) = ♣(0) = §(0) = 0 and £(0) = 1, we find also with the following transformations
and using the first order differential equations such as in (33) to (36) that the following analytical solutions are obtained:
Thus the exact form of the reduced density matrix is then obtained by tracing over the bath modes and replacing the operatorn by its Eigen value n as:
The solutions obtained in equations (50) to (53) should be used to evaluate the concurrence of the coupled system.
Entanglement dynamics
For the reduce density matrix given in equation (49) the concurrence quantifying the degree of the pair-wise entanglement between the two central qubits is defined as [30] :
where ℓ 1 , ℓ 2 , ℓ 3 , ℓ 4 are the squaroots of the Eigen values in order of decreasing magnitude of the operator:
. As a measure of the degree of entanglement the concurrence varies from 0 to a maximum value 1. If the concurrence is equal to zero then the two states are said to be completely disentangled or separable while a concurrence C 12 = 1. The condition C 12 = 1 means that the two states are maximally entangled. The Eigen values of R 12 are found to be:
We shall present our results here for Γ z ≥ 0 and Ω ≥ 0, which corresponds to the antiferromagnetic XXZ chain. The generation of entanglement, is a competition between the effects of the environment and the coupling between the two qubits. On one hand we have the case in which there is no couplings between the two qubits. Here the entanglement is generated via the interaction of the two qubits with a common environment. Such environmentally induced entanglement has been reported in [31] . Hence the environment, which is known to cause decoherence can never the less generate some entanglement between the two qubits. A similar conclusion has been made by the authors of [30] . Such environment induced entanglement is very fragile and increases with increasing coupling strength between the system and the bath.
On the other hand we also have the case of entanglement generated through the coupling between the two qubits. The coupling generated entanglement is stronger and dominates the preceding case. For coupling induced entanglement, increasing the coupling strength between the two qubit systems and the environment will rather cause faster decay of entanglement. To study the effects of the DM interaction on the entanglement dynamics, we consider an initially disentangled state . For this case of two initially separable qubits which become entangled in time through the effects of the environment, their entanglement is destroyed by increasing the strength of the DM interactions as seen in figure. 1. Thus the DM interactions destroy environment induced entanglement but enhance coupling induced entanglement. The behavior of an initially entangled spin chain is very different from that of a spin chain with no initial entanglement. We study the behavior of the concurrence for a maximally entangled initial qubit state |ψ = 1 2 (|00 + |11 ). We find that the effects of the DM interaction depend largely on the temperature, and on the Heisenberg couplings Γ z and Ω. In the absence of the couplings i.e. Γ z = Ω = 0 as seen in figure. 2 the DM interactions preserve the entanglement and also greatly enhance the revival of entanglement. When the Heisenberg couplings set in this enhancement effect are reduced, the concurrence shows a sinusoidal oscillation in space as presented in figure. 3. This is due to competing effects between the anti-symmetric DM interaction and the symmetric Heisenberg interactions. This is because in contrast to the Heisenberg interactions which tend to render neighbor spins parallel, the DM interaction has the effect of turning them perpendicular to one another.
It is observed in figure. 4 that, the entanglement decays more rapidly as the temperature increases. Increasing the temperature introduces thermal fluctuations which † , E.Tendong, L.C.Fai: Title Suppressed Due to Excessive Length destroy quantum correlations. At low temperatures the entanglement exhibits periodic oscillations. At high temperatures we also observe the interesting phenomenon of entanglement sudden death (ESD) i.e. when the entanglement of the system is observed to suddenly disappear without any exponential decay. It was shown in [32] that noisy environments may drive entanglement to vanish completely in finite time and they call the phenomenon entanglement sudden death. The sudden death of entanglement is a very undesirable effect since major quantum protocols for quantum computing; depend on the preservation of entanglement in the system. Here the non-Markovian environment is seen to cause the revival or rebirth of entanglement after ESD. The oscillatory collapse and revival behavior of the entanglement due to the influence of the non-Markovian environment can be understood by analogy to the collapse and revival of atomic population in- (|00 + |11 ) at high temperature (i.e, T = 10g) for different values of dz, with the corresponding values of the parameters Ω = 0, Γz = 0, g = g0 = 2, µ0 = 2g . version of a two-level atom interacting with a single mode field in quantum optics. It is known that for a two level system coupled to an oscillating driving field the probability of being in the ground or excited states, exhibit oscillatory behavior (Rabi oscillations). Similarly in this study, the qubits are coupled to a single mode bath thus the quantum fluctuations of the system due to the bath may become uncorrelated in time leading to the collapse of entanglement. As time goes on these quantum fluctuations may again become correlated leading to the revival of entanglement. The DM interaction increases the frequency of the quantum fluctuations [33] thus enhancing the entanglement. Furthermore this sudden death of entanglement can be avoided by increasing the strength of DM interaction as observed in figure.5.
When coupling between the two qubits is switched on, the entanglement is observed to be preserved for a longer time. The dependence of the concurrence on the coupling strengths Γ z and Ω is closely linked. For example, we note that if Γ z > 0 then increasing Ω will cause the concurrence to reduce while if Γ z < 0 then increasing Ω will improve the concurrence. The same holds for the variation of Γ z with a fixed value of Ω. In our numerical analysis, we note that the effective Heisenberg coupling between the two qubits can be written as χ = |Γ z − Ω|. The entanglement is enhanced by increasing the factor χ as seen in figure.6. The entanglement does not depend on how large Γ z and Ω are but rather depends on their difference. We find that for Γ z = Ω , i.e. χ = 0 the concurrence is low and it increases as the value of χ increases. From this we can conclude that the anisotropic XXZ chain will be better than the Isotropic XXX chain for preserving entanglement and hence for various quantum information processing tasks.
We also find that the entanglement decays very slowly when the system bath coupling is small and faster for a strong coupling between the system and the bath (see figure.7) . This is so because in the case where the system, is strongly coupled to the bath, decoherence from the bath is more prominent and leads to faster decay of the quantum correlations. When the coupling amongst the bath spins is strong we observe that the entanglement decays more slowly (such presented in figure.8) .This is an indication that strong coupling amongst the bath spins effectively decouples the bath from the system thus preserving entanglement . As expected strong coupling between the two qubits also allows them to keep their entanglement for longer times.
discussion and concluding remarks
The entanglement dynamics for a system of two qubits XXZ spin chian coupled to antiferromagnetic spin bath Numerical analysis of the behavior of the concurrence vis-a-viz the various system parameters revealed that the effects of the DM interaction depend on the initial state of the system and on how the entanglement is generated. For an initially disentangled qubit pair, and in the absence of any coupling between the two qubits, the common bath can generate some effective entanglement between the two qubits. The DM interaction destroys such environmentally generated entanglement; this is contrary to the case of an initially entangled qubit where the DM interactions rather enhance the entanglement.
For the long time behavior of the entanglement for an initially entangled state, it was also observed to initially decay exponentially with time and then to undergo continues cycles of collapse and revival. This collapse and revival behavior is attributed to the non-Markovian nature of the bath in which memory effects of the bath can reconstruct the entanglement of the system, with time. It is seen that the DM interactions play an important role in the weak inter-qubit coupling limit, and for high temperatures where they delay the decay of entanglement and enhance revival oscillations in the entanglement.
Increasing the temperature can lead to appearance of the Entanglement sudden death effect. However this sudden death of entanglement can be avoided by increasing the strength of the DM interaction. The effects of Γ z and Ω on the entanglement are closely linked and we find that the effective Heisenberg coupling in the XXZ chain is given by χ = |Γ z − Ω|.
Increasing χ enhances and preserves entanglement while we see that entanglement decays faster for small χ even if Γ z and Ω are both large. This suggests that the anisotropy XXZ spin chain is better than the isotropic XXX one(where χ = 0) for QIP tasks. Further more strong intrabath cou-† , E.Tendong, L.C.Fai: Title Suppressed Due to Excessive Length pling is seen to effectively decouple the bath from the system thus delaying the loss of entanglement in the system. Our result reveals that entanglement can be better preserved even for large finite temperatures and for a long time, by turning the strength of the external magnetic field, the DM interaction and the system parameters Γ z , Ω , g 0 , g. We expect that the analysis done in this study will shed some light on the study of the dynamics of a multipartite entangled state under local noise. An interesting feature of this model is that it can be used as better quantum channel when entanglement transfer is considered. Therefore, in principle, it can be exploited as a quantum channel for teleportation with nonclassical fidelity at finite temperature, both very low and moderately low. That is, considering future research along these lines of investigation, it will be interesting to consider practical schemes for the realization of this kind of spin chains in highly controllable situations.
